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AND CROSSED PRODUCTS BY ACTIONS ON ADELE 

SPACES 
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Abstract. We compute the K-theory for C*-algebras naturally associated 
with rings of integers in number fields. 

The main ingredient is a duality theorem for arbitrary global fields. It 
allows us to identify the crossed product arising from affine transformations 
on the finite adeles with the analogous crossed product algebra over the 
infinite adele space. 



1. Introduction 

Let i? be a countable ring. The elements of R act by addition and multipli- 
cation on f'{R). Denote by the C*-algebra generated by all the corre- 
sponding operators in C{i'^{R)). In |Cunj the first named author had studied 
(using a different notation) this ring C*-algebra for i? = Z and had shown that 
it has an intriguing structure. In particular, it is purely infinite simple (thus 
a Kirchberg algebra) and can be described as a universal C*-algebra given by 
generators and relations. It is also Morita equivalent to a crossed product of 
the algebra of functions on the finite adele space for Q by the action of the 
aa; -|- 6-group over Q. These results were generalized in |CuLi] to the case where 
R is an integral domain with finite quotients and in [Li] to general rings. 



It is an obvious problem to determine the K-theory of 2t[i?]. In |Cunj the 
case of i? = Z was discussed and it was stated that ii"=K(2l[Z]) is given as an 
exterior Z-algebra with one generator for each prime number in Z. A proof for 
this was sketched. This proof however was not complete. Moreover, in [Cunj 
a duality theorem was stated claiming that 2l[Z] can be described also as a 
crossed product of Co(IR) by the natural action of the ax + 6-group over Q. 
Again a proof was sketched which was not complete. 
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In the present paper we give complete proofs for these two results generalizing 
them at the same time to a substantially more general setting. It turns out 
that the two results are related. We first prove a general duality theorem that 
holds for any global field K and states that the crossed products Co (A/) x Pk 
and Co(Aoo) x Pk are isomorphic. Here A/ and Aoo denote the spaces of finite 
and infinite adeles, respectively, and Pk denotes the ax + 6-group over K. 
Both crossed products describe 2l[c'] up to Morita equivalence, where o is 
the ring of integers in K. We note at this point that we also determine the 
crossed product Co(A) xi Pk for the full adele space A = Af x Aqo and show 
that it is Morita equivalent to the group C*-algebra C*{Pk)- Moreover, we 
point out that in the case of number fields, the Bost-Connes system and its 
generalizations considered in |BoCo] . |CMRj . |HaPaj and [LLNj are carried by 
a natural subalgebra of 2l[c']. This is explained in |CuLij in more detail. 

In a second step, we use our duality theorem to determine the K-theory for 
21 [o] in the case where o is the ring of integers in a number field K which 
contains only 1, —1 as roots of unity. The point is that the description of 2t[c'] 
as Co (Aoo) X Pk is much better suited for this computation since it allows for 
certain homotopy arguments which do not apply in the totally disconnected 
space Af. We find that the K-theory depends on the number of real embeddings 
of K: Roughly speaking, we get the exterior Z-algebra over the torsion-free 
part of (K^,-). But if the number of real embeddings of K is even and at 
least 2, we will get an additional copy of this exterior algebra with coefficients 
in Z/2Z. These results indicate that the K-theory of 2t[c'] as such does not 
contain information on the class number of K. Therefore, one is forced to 
investigate finer structures in 2t[c'] to find out more about the class number 
(compare [Li], 6.5). 

For an arbitrary number field K, we also determine the K-theory of the sub- 
algebra of 'Qi[o] which is generated by the addition operators for elements in 
o and the multiplication operators coming from the torsion-free part of . 
We think of this subalgebra as Stfo] "without roots of unity" . We find that its 
K-theory can be described as the exterior Z-algebra over the torsion-free part 
of , with coefficients in Z or Z/2Z depending on the real embeddings of K. 

The paper is structured as follows: 

In Section 2, we give an overview of certain aspects of algebraic number theory 
which we will need. We also briefiy recall the notion of ring C*-algebras. 

Then we compute the K-theory of 2l[Z]. There are several reasons why we 
choose to treat this special case first. On the one hand, it was this case from 
which all our investigations started. It serves as a guide through our com- 
putations in the general setting and thereby helps to understand the general 
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arguments. On the other hand, at various points we can considerably shorten 
the calculations using special features of the case R = ~L. Moreover, it is pos- 
sible to work out several steps explicitly in the concrete situation of Z. This 
leads to a self-contained exposition, in the sense that we do not need to refer 
to results from algebraic number theory in this special case. 

Finally, we consider the general situation. As a first step, we establish a duality 
theorem for arbitrary global fields (Section 4). Using this duality, we carry out 
the K-theoretic computations, first for the subalgebras "without roots of unity" 
of arbitrary number fields (Section 5) and then for the whole ring C*-algebras, 
but under the assumption that the number fields only contain the roots of 
unity 1, —1 (Section 6). 

We are indebted to W. Liick for useful discussions and for bringing Lemma EH] 
to our attention. 



2. Preliminaries 

2.1. Algebraic number theory. Let us very briefly mention aspects from 
algebraic number theory which will be of interest for us. First of all, the 
classical objects of study in algebraic number theory are the so called number 
fields, which are finite (separable) extensions of Q, and the corresponding rings 
of integers, which are the integral closures of Z in those fields. Moreover, it 
turns out that the theory of the so called function fields, which are finite 
separable extensions of Fp(T), can be - at least to some extent - developed 
parallely. For this reason, our constructions and some of the results (our 
duality theorem) will apply to both situations. 

However, the final step in our K-theoretic computation is only carried out for 
number fields. For this, it is useful to note the following: 

Lemma 2.1. Let K he a number field and /i he the set of roots of unity in K. 
There exists an infinitely generated free abelian group T C with = /ixF. 

Proof. Consider the exact sequence after Corollary (3.9) in |Neu] . I, §4. □ 

Now, let be a global field, which means a number field or a function field, 
and let o be the integral closure of Z or Fp[T] in K. We will be concerned 
with the following objects: 

The infinite adele ring Aqo = JJ^-^i;, 

d|oo 
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the finite adele ring A/ = ^ fC^, 

t)foo 

where the restricted product is taken with respect to the maximal compact 
subrings ^ K^, and 

the full adele ring A = Aqo x '^z- 

These products are taken over equivalence classes of absolute values of in- 
finite ones for Aqo, finite ones for A/. At this point, we should note that for 
function fields, we choose the absolute values satisfying |T|„ > 1 to be the in- 
finite ones (compare |Weil] . Ill, §1, Theorem 2). Instead of equivalence classes 
of absolute values, one can equivalently take equivalence classes of embeddings 
of K into locally compact, nondiscrete fields, these are called places in |Weil] . 
Thus, we can always embed K diagonally into Aqo, A/ or A as each absolute 
value V (we choose one representative for each class) gives rise to an embed- 
ding K ^ Ky. We will not distinguish between K and its image under these 
embeddings. This will be our convention in general as it will become clear 
from the context into which object we embed. 

Remark 2.2. Adeles and their multiplicative analogues, the ideles, play an 
important role in class field theory. The reader is refered to |Neuj or |Weilj for 
more information. 

Starting with o, we can form the profinite completion limjo//} over the set 
of nontrivial ideals in o ordered by inclusion. It turns out that this completion 
coincides with the maximal compact subring HijIoo c>v kf-. 

(1) limo// = JJo„. 

Moreover, we have K as well as Y\ sitting inside Aj. For their intersection, 
we get the following 

Lemma 2.3. o = Kn {H^^^ o^). 

Proof. Compare [Weilj . Theorem 1 of Chapter V, §2 for number fields. The 
proof for function fields is analogous using |Weilj . VI. □ 

For an infinite place f of a number field, we either have = |R or = C. 
In the first case v is called real, and it is called a complex place otherwise. We 
will write f r for a real place and vc for a complex one. Thus, we get 

Aoo = R*^^^^ X C*^^c} 

as topological rings. Note that we consider equivalence classes of embeddings, 
which means that two complex embeddings which are conjugate give rise to 
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the same place. As additive topological groups, we have Aqo = where n is 
the degree of K over Q. 

The last point we would like to talk about is duality. Let be a global field. 

Theorem 2.4. There exists a nontrivial character x of k which is trivial on 
K . Any such character yields a pairing 

A X A — ^ T; {x,y) i — > {x,y) := xi^y). 

This pairing induces an isomorphism of topological groups: A = A; s i — ^ 
[y ^ (y^^)]- Thus, we also obtain 

(2) A/K = K via 7r(x) i — > [a ^ (a, x)] , 

where it is the projection A — > k/ K . Moreover, we can choose x so that (-, ■) 
restricted to Aqo yields an isomorphism 

(3) k^ = k^;t^[s^{t,s)]. 

Proof. For the first pairing, compare [Weil] . IV, §2, Theorem 3, or Lang , XIV, 



§6, Theorem 10. The second result is proven in Lang), XIV, §1, Theorem 1 



for number fields, and follows from |Weilj . II, §5, Theorem 3 in the general 
case. □ 



2.2. Review of our constructions. Let us recall the concept of ring C*- 
algebras. We will only consider the integral closures of Z or Fp[T] in a global 
field. This is a nice situation as far as the construction of ring C*-algebras is 
concerned because these rings are integral domains with finite quotients. We 
mention that it is possible to extend the construction to arbitrary rings (see 
P). 

Now, let o be the integral closure of Z or Fp[T] in a global field K. Consider 
the following operators on the Hilbert space £^(0): 

f/^^r = ia+r for a G o, 
Sbir = 6r for 6 G o"". 

Here is the set of nontrivial elements in o. 

In analogy to the group case, we define the reduced ring C*-algebra as 



:= C* {{U", Sh. aeo,be }) C C{f{o)). 
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The full ring C*-algebra 2l[c'] is defined as the universal C*-algebra generated 
by unitaries {u": a G o} and isometries {s^: 6 G o^} satisfying 

I. u'^s.u'sd = u''+'''sm 

II. J^^^^bSlu-^ =1 

where we sum over o/{b) = {a + (b)} in II. 

We use the notation (6) := b ■ o for principal ideals. 

There is a canonical homomorphism vr : Ql[o] — > Slf^o] which is called the 
regular representation (as for groups). Moreover, it turns out that Slfo] is 
purely infinite and simple (see |CuLi] . Theorem 1), so that vr is an isomorphism. 
This allows us to identify 2l[c'] with its image under vr on £'^{o). 

These ring C*-algebras are closely related to the number-theoretic objects we 
introduced before. Namely, it turns out that there is a canonical commutative 
C*-subalgebra T>[o] := C*{{u"-ebU~"-. a E o,b e c>^})i where is the range 
projection Sbsl of Sf,. And the bridge to number theory is built by the obser- 
vation SpecDfo] = n<^f (^^^ |CuLi] . Observation 1; the argument essentially 
uses (II])). Furthermore, 2t[c'] can be described as a semigroup crossed product 
(see |CuLi] . Remark 3 and [La]): 

(4) 2t[o] ^ :^ o X ~M C'o(A/) x fsT x fsT^ = Co(A/) x Pk, 

e 

where x denotes the crossed product by endomorphisms (following the nota- 
tion in [Li]). Recall that, by definition, the ax + 6-group Pk is x . 

From now on, we will omit the argument o and simply write 21, 21^ or D 
respectively as it will become clear from the context which ring we mean. 

3. Computations for Q 

As announced, we study a special case first: the integers Z in Q. This leads to a 
program which serves as a guide through more general computations. Roughly 
speaking, the idea is to compute the K-groups explicitly for the C*-subalgebra 
C*{u^, s_i, {eb- b eZ^}) by choosing a suitable filtration and then to apply 
the Pimsner-Voiculescu sequence iteratively to get the K-theory of the whole 
ring C*-algebra. Actually, this idea is already contained in [Cun] . However, 
to work out the second step rigorously we will need as a new ingredient the 
comparison between finite and infinite places. 

We obtain, as announced in [Cun], K^:{^) = A* (Q>o) as Z/2Z-graded abelian 
groups. Here and in the sequel. A* denotes the Z/2Z-graded exterior Z-algebra 
and is the direct sum of Kq and Ki with the canonical grading. 
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3.1. K-theoretic computations I. 



Lemma 3.1. Ko{C*{u^, s_i, {e;,})) = Q © Z via 
No^ (iO)M all be Z>o, 



)]o-(0,l) 



whereas Ki{C*{u^,s^i,{eb})) is trivial. 



Moreover, we have the following relation in Ko{C*{u^,S-i,{eb})): 



(5) [l]o = 2-[i(l + u^._0]o- 



We write or [-J^ for the classes in Kq or Ki respectively. Furthermore, we 
use curly brackets {■} to indicate that we consider a whole family of generators 
of a certain type. For instance, {e;,} means {eh- b E o^}. 

Proof. By universal relation II., Cb lies in C*{u^,ebd). Thus, we can form 
lim{C*(M^, ebj} (over Z>o ordered by divisibility), and we get in the in- 
ductive limit C*(m^, {cft}). Therefore, to determine K^{C*{u^,s_i,{eb})), 
we have to compute K^..{C*{u^,s^i,eb)) for single b and how the inclusion 
i-b,bd ■ C*{u^, Cfo) ^ C*{u^, s-i, ebd) acts on K-theory. 

First of all, it is well-known that C*{v}, s_i) = C*(Zx (Z/2Z)) = (C*C)~. This 
follows by comparing the universal properties of these C*-algebras. Mutually 
inverse isomorphisms C*{v}, ^ (C * C)"' are given by 

s_i I— > 2p — 1, u^s-i I— > 2g — 1 and |(1 -|- <— i p, |(1 -|- v}s-i) i g, 

where p and q are the canonical generators of C * C. 

The K-theory of (C * C)"" is known, it is given by 



This determines the K-groups of C*(m^, Let us fix the identification 



This also allows us to compute K^{C*{u^, e^)) for any b e Z>o since 



The idea is that the projections e^, u^ebU ^, u'^ ^ebU ^'^ decompose £^(Z) 
into b mutually isomorphic subspaces £'^{bZ), £"^{1 + bZ), £'^{{b — 1) + bZ) 




(6) 



C*{u\s.i,eb)^ Mb{C*{u\s.i)). 
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(see Lemma [5.21 for more details). Thus, 



(7) Kj{C*{u\s.,,e,)) 



1} if j = 
{0} for 3 = 



Prom these calculations, it already follows that Ki{C*{u\ {cb})) is trivial. 

It remains to compute Kq{li,m)- However, it turns out that taking ([7]) into 
account, we get Kq{li,^m) = Ko{tbi^b'd) for any b,b' G Z>o (see the proof of 
Lemma ISTT!) . Thus, it suffices to consider := ti ^. Under the identification 
dSD, we get the following: 

For (i = 2, we have L2{u^) = (? 'o ) '•2(s-i) = ^'^q^ u-^s^i^ which implies 
on Kq: 

ifo(62)([|(l + S-i)]o) = [|(1 + S-i)]o + + u\s^,)]^ and 
Therefore, we get ^0(^2) = ^ j)- 

, / 1 \ / u 

For d odd we have i.d{u ) = I . .1 and td{s_i) = I . 

which implies on Kq: 

iro(^d)([i(l + S-i)]J= [i(l + 3_i)]„ + ^[l]o and 
KoMmi + uh^i)l) = [i(l + uh.,)]^ + ^ [1], . 

/ ^ d-l 

Thus we conclude that Ko{Ld) =(01 

V 1 

Putting these facts together, we get by choosing a cofinal sequence bi in Z>o 
with fej+i = 2dibi: 

(8) MC*{u\ {e,})) = hm {Z3; ( '0' | 'V' ) } - Q © Z. 

The map of the i-th ii'o-group Z^ into Q © Z is given by 

Z=^ ^ Q © Z; (x, y, z) ^ (^(a; + \y + \z),y). 

This immediately implies = 2 ■ [|(1 + u^s^i)\^. Moreover, Kq is gener- 
ated by [eftlg corresponding to (^,0) and [|(1 + s^i)]^— [i(l + which 
corresponds to (0, 1) under the identification in ([8]). □ 
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The next step is to adjoin the isometries Sf,. We consider to this end 

2iM :=c*{u\s_^,{e,},s,,,...,s,J. 

Here, Pi < P2 < ■ ■ ■ are the prime numbers in Z>o. By construction, we have 
21 = lim{2t(°) ^ 21(1) . . .}. Therefore, it suffices to determine /s:,(2l('")). 
Similarly to (g]), 2t("') can be described as a semigroup crossed product. This 
yields 

(9) 2i("^) Co(r„ ■ (J] Zp)) X (r,„ ■ z) X (/i X r„) 

^ lim{2l('"-i);Ad(sp„)} XAd(s,„) Z 
where Tm = {pi, ■ ■ -Pm) ^ Q^- We have taken the inductive limit of 

A d(sp^ ) 2j^(m-l) Adjsp^) 2[^(m-l) Adjsp^) 



to formally invert Ad (s 



Pml- 



Just a remark on notation: When we write a product like Tm- (H Zp) (or r^-Z), 
it means that we embed the factors into an object carrying a multiplicative 
structure, for instance Aj (or Q), and take the product there. It will be clear 
from the context which object we mean. 

^ is the reason why we can apply the Pimsner-Voiculescu sequence. First, 
we compute: 

Lemma 3.2. Kj{^^^'^) = Z for j = 0,1. 

Proof. First of all, it follows from Lemma [3TT] that Ad (^2) induces |id(Q on the 
summand Q of Ko{^^^^). 

To calculate Ko{Ad{s2)){[l{l + S-i)]^ - [|(1 + let us consider the 

identification 21^°) = M2(2t(°)) analo gous to under which 

i(l + corresponds to ( , 

i(l + u^s_i) corresponds to | ( ''^^ ) ~ ( J [j ) , 
Ad (s2)(|(l + corresponds to j , 

Ad (s2)(i(l + corresponds to j _ 

Thus, on K-theory, this isomorphism maps both 

and 
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to + — + where we used ([5]). 

This shows that i^o(Ad (sg)) is given by ( k'"^^ ° ) on ii'olSl^"^) = Q © Z. 

V idz / 

Hence, the Pimsner-Voiculescu sequence apphed to (Q, together with Lemma 
13.11 gives: 

Q©Z Q©Z . iro(2l«) 

/ri(2t(i)) < < 

which imphes Kj{Ql^^^) = Z for j = 0, 1. □ 

Actually, we can go one step further and show (Ad (53))* = id^_^(2i(i))5 but at 
this point, we cannot show directly (Ad (sp^^J)^, = id^_^(2^(m)) in general. 

3.2. Infinite and finite places over Q. To solve our problem given in the 
last section, we compare the infinite place of Q with the finite ones. To be more 
precise, our goal is to prove that the crossed products arising from the ax + b- 
group Pq acting on the finite adeles A/ = • (Yl Zp) and on the infinite place 
IR of Q respectively are Morita equivalent. This can be written in a slightly 
more complicated way as 

Co{R) X Q ^ ~M Co(Q^ • (Yl Zp)) x (Q^ • Z) x Q^ 

The point is that we actually need this result not only for but - more 
generally - for any subgroup of in place of the full group Q^. This will be 
proven along the way as well. 

The central idea of the proof is that the infinite place and the finite ones are 
connected via duality (see Lemma [3. 5p . That is why we think of our result as 
a duality theorem. 

3.2. L Fourier transform for R. Let us consider some very basic constructions 
(mainly to set up the notation): 

We have an action of Q on Co(IR) given by translation: 

f : Q — > Aut {Co{R))]Ta{g){t) = g{t - a) for all g e Co{R),ae Q,teR. 
Moreover, the Fourier transform on Cc{R) is given by 

1 1-^ e{ts)f{s)ds , 



i^R:Ce(R)^Co(R);/^/ = 
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where we set 

e(t) := exp(27rit) 

and identify IR with [R by t i — > [s e{ts)]. extends to an isomorphism 
Fk:C*(R)-^Co(R). 

Now, we can consider the action r : Q — > Aut (C*(IR)) given by conjugating f 
by -Fr. By construction, is a covariant isomorphism with respect to r and 
f, and it thus extends to an isomorphism Fr : C*{R) xir Q — ^ Co(lR) Q- 
To simphfy the notation, we will not distinguish between covariant homomor- 
phisms and their extensions to crossed product algebras, r is explicitly given 
by Ta{f){t) = e{-at)f{t) for all / G C,(R) C C*{R). 

Furthermore, consider the action (3 : — > Aut (Co([R) xi^ Q) given by 

p^igu") = ^(riu)M"^ for all g G Co(R),a G Q. 

Again, conjugating (3 by Fr gives an action /5 : — > Aut (C*(IR) x,- Q) such 
that Fr induces an isomorphism 

Fr : C*{R) x,Q x^Q^ — > Co{R) x^Q x^Q^ 
P is given by pb{fu^) = |6|/(6U)m'^^ 



3.2.2. Identification of crossed products. From this point of departure, we will 
now move towards the finite adeles, and the bridge between the infinite place 
and the finite ones is given by the additive group of our global field Q, in the 
following sense: Start with the action A : IR — > Aut (C*(Q)) given by 

X^(u'') = e{at)u'' for alH G R, a G Q, 

where C*(Q) denotes the group C*-algebra of (Q, +). We will show that the 
crossed product C*-algebras C*{R) x^ Q and C*(Q) x^ IR are isomorphic. 



To this end, define a linear map 



if : C,(Q, Ce(R)) ^ C*(Q) X, R; 5^ fa 



t^J2eiat)fait) 



Lemma 3.3. ip identifies Cc(Q, Cc(IR)) - viewed as a *-suhalgehra ofC*{R) x^-Q 
- with the *-suhalgehra Cc(Q x R) ofC*{Q) x^ R. 

Proof. This follows by computations as in the proof of Lemma 14. 3[ □ 
Lemma 3.4. Lp extends to an isomorphism Lp : C*{R) x^ Q = C*(Q) X;^ R. 

Proof, if extends to an isometric isomorphism £-'^(Q, L^(IR)) = L^([R, ^-'^(Q)), 
where we view £^(Q,Li(R)) and L^(R,£i(Q)) as *-subalgebras of C*{R) x^ Q 
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and C*(Q) XaR respectively. Moreover, C7*([R) xi^Q is the enveloping C*-algebra 
of £HQ,L^(R)) and C*{Q) xia R is the enveloping C*-algebra of Li(R,£i(Q)). 
Thus, we indeed get an isomorphism y9 : C*([R) Q — C*(Q) Xa R (compare 
the proof of Lemma [4.31 for the details). □ 



Once again, the Q^-action on C*{R) Q, conjugated by (p, yields an action 
a : — > Aut (C*(Q) Xa R). a is given by the formula 



for all [t ^ Ea/aW^^I e C,{R,em. 



By construction, (f induces an isomorphism 

X, Q) x^ ^ (C*(Q) xa R) x« Q^ 



3.2.3. Fourier transform for Q. At this point, the following well-known result 
brings the finite adele ring or rather its maximal compact subring into the 
game: 

Lemma 3.5. The dual group of Q can be identified with 

y := R Xz {Y[Zp) = (R X Z)/(,,,)^(,+i,,+i). 

Proof. We use the well-known result that Yl can be identified with (Q/Z) 
via 

(10) Y[z,3z^i[f]^ e{z{n) ■ ^)) G (qT? 

where we view the maximal compact subring ]^ Zp of as the projective limit 
of quotients of Z which is realized as a subspace of Un^o^/nZ. 

Now, define Y — ^ Q; [r, z] i — i— e((r — z(n)) ■ ^)] . 7 is well-defined and 
continuous. Since both spaces are compact, we just have to show bijectivity 
to prove that 7 is a homeomorphism. 

To prove surjectivity, take any x ^ Q- Restricting x to Z yields a character 
of Z which is of the form e(rU) for some r G R. Therefore, x ' e(— rU) has 
constant value 1 on Z, hence it induces a character of Q/Z. In other words, 
there exists z e]\Zp such that x(f )e(-r ■ f ) = e{-z{n) ■ f ) for all f G Q 
because of f fTOj) . This means x = 7([r, z]). 

7 is injective as well: As one immediately checks, 7 is actually a group ho- 
momorphism (where addition on Y is defined componentwise). Thus, we 
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just have to show that 7 has trivial kerneL Given [r, z] G ker(7), we have 
1 = 7([r, z])!^ = e(rU)|z which imphes r G Z. Furthermore, this shows that 
r — z is an element in Yl Zp yielding the trivial character on Q/Z. Hence, by 
ffTU]) . it must be 0, which means [r, z] ~ [0, 0]. □ 

This result can be viewed as a special case of Theorem 12.41 ([2]) . 

7 can be used to identify C*(Q) and C{Y) via the Fourier transform given by 
C,(Q) ^C(r);F^K/")([r,2]) =ev^/„(7([r,z])) =e((r-^H) -f). 

Conjugating A : IR — > Aut (C*(Q)) by Fq yields an action A on C(Y) given 
by At(/)([r, z]) = / o AJ'([r, z]) with AJ'([r, z]) = [r + t,z]. This follows from 

(Fq o AiK/"))([r,z]) = F^(e(f ■ t)u"^/-)i[r, z]) 

= e(((r + t) - z{n)) ■ f ) = F^{u"^/-){[r + t, z]). 

Again, we get an isomorphism C*(Q) Xa R — ^ C!{Y) >^x^- 

As the last step, we describe the action a of on C{Y) R induced by a 
conjugated by Fq. For any 3 b = — (nib G Z, n;, G Z>o), consider 

Y ^Y; [r, z] ^ [(r - z{n,)) ■ b, {z{U ■ n,) - z{n,)) ■ b] . 

Multiplication with b = ^ makes sense since z{L\ ■ rii,) — z{ni,) is in Yl Zp 
with z{lnb) — z{nb) G n^Z for all / G Z>o and because it is independent of 
the representation of b. Moreover, the expression defining al is compatible 
with ~ so that al is well-defined. Furthermore, al is continuous and thus a 
homoemorphism since al o a*^^ = idy. 

Now, we claim that a : — > Aut {C{Y) xi R) given by df, = Fq o a;, o F^'^ is 
of theformd6(/-(?) = {[r,z] ^ {foal).{\b\g{bU))) for all / G C{Y),ge C,{R). 
This follows from 

(Fq o abi[s ^ (7(s)n"])(t))[r, z] = \b\gibt) ■ e((r - z(n,nfe))a6) 

= \b\gibt)e{i{r - z{nb)) ■ b - i{z{U ■ nt) - 2;^)) ■ ■ a) 

= \b\gibt)F^{u'')i[ir - zirib)) ■ b, (^(U ■ n,) - ^K)) ■ b]) 

= i\b\gibt)F^{unoal)[r,z]. 

Remark 3.6. It is useful to consider the action k : [R x — > Aut {C{Y)) given 
by nit, &)(/) = fodloXl where the semidirect product is taken with respect to 
the action — > Aut {R);b 1 — > [t ^ t/b]. k is a group homomorphism since 
o al = al o X*^^. Using a general result on crossed products by semidirect 
products (compare [Wilj . Proposition 3.11), one immediately deduces 

{C{Y) xj^ R) X5 ^ C{Y) X, (R x Q^). 
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Remark 3.7. Up to now, we could just as well consider a subgroup of 
instead of the whole group. So, to sum up, we have shown that for any 
subgroup r of Q ^ , we have an isomorphism 

(11) (Co(R) Xf Q) X4r = C(F) x«(Rxr). 

3.2.4. Morita equivalent crossed product C*-algehras. 

Proposition 3.8. The transformation groupoids associated to the action of 

R X onY via [r, z] ■ {t, b) = al o A*([r, z]), 
denoted by Q, and of 

<^yi on kf by z ■ (a, b) = b~^{z - a), 
denoted by Q , are equivalent in the sense of |MRWj . 

Proof. We will show that both groupoids are equivalent to certain subgroupoids 
which we can identify. 

First, consider the closed subset iV := [] 2p C A/ = As Q"" ■ (H Zp) = A/, 
N meets every orbit in . Moreover, the restricted range and source maps 
are open (details can be found in Lemma [4. 4p . Thus, by [MRW] . EXAMPLE 
2.7, Q and are equivalent, where 

^1 = {(z,(a,6)) G (H^p) X (Q X Q'): K^ + a) ^W'^p] ■ 

As a second step, consider the closed subset 7r({0} x (W Zp)) =: N oiY where 
vr is the canonical projection IR x (H^p) ("^ ^ (nZp))/Z = Y. N meets 
every orbit in y = ^° because UteR'^t(^) = A gain, the restricted range 
and source maps are open (compare Lemma [4.41 for the details). Thus, Q and 
are equivalent by EXAMPLE 2.7 of [MRWj . 

We have = {([0, 2], (t, 6)) G iV x (R >^ Qx): d*([t,z]) G A^}. Now, 
alilt, z]) = lit - z{nt,)) ■ b, {z{U ■ n^) - z{nb)) ■ b] E N 
^ [{t - z) ■ rrih] (ub) = {t - z{nb)) ■ nib G n^Z ^ {t - z) ■ b e Y\_^p- 

In particular, this implies t G Q. Thus, and can be identified (as in 
LemmaiS) via g§ 3 {z, (a, 6)) ^ ([0,;^], (a,^!)) G G^. □ 

If we replace by an arbitrary subgroup P of Q^, we have to consider the 
action of (P ■ Z) x P on P ■ (H 2p) and the action of IR x P on F. With these 
modifications, everything works out as above. 

Corollary 3.9. Co(P • (HZp)) x (P ■ Z) x P ~a/ C(Y) x^ (R x P) for any 
subgroup P 0/ . 
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Proof. This follows from Proposition 13.81 (applied to F instead of Q^) together 
with |MRWj . THEOREM 2.8, and the well-known fact that for a transfor- 
mation groupoid, the (full) groupoid C*-algebra and the corresponding (full) 
crossed product are isomorphic. □ 

Corollary 3.10. For any subgroup T of Q"" , Co{T ■ (Jl Zp)) x (E ■ Z) x T and 

{Cq{R) Xf Q) E are Morita equivalent. 

Proof. This result follows by combining the last corollary with (fTTj) . □ 

3.3. K-theoretic computations II. Corollary 13.101 enables us to continue 
with our computations of Section 13. 1[ The crucial point is that on [R, we can 
work with homotopies to compute the multiplicative action of on K-theory. 

By (HD, 21 ~M C'o(A/) x Q x Q"" • Thus, by Corollary EUDl we have to determine 
the K-theory of Co(R) x Q x Q^. 

As a first step, the K-theory of Co([R) x^^^ /i can be computed with the help 
of the split exact sequence Co(IR) x "-^ C'(T) y\ ji ^ (recall fi = {±1} 

in this case). We get 



(12) K.iCoiR) x^_^ /i) 



Z if j = 
for j = 1. 



Q © Z for J = 

As a next step, we have Kj{Co{R) x Q x^_^ /i) = ^ , ^ because 



of Lemma 13.11 for m = and Corollary 13.101 



Similarly, Lemma [3l2] implies -ft'j(Co([R) x Q x (/ix Ei)) = Z ( j = 0, 1) because of 
([9]) for m = 1 and Corollary 13. 101 Recall that E^ is {pi, . . . ,Pm), the subgroup 
of generated by the first m primes. 

The inclusion i : Co(IR) Co(IR) x Q is covariant with respect to (3 and thus 
induces homomorphisms between the corresponding crossed products. 

Lemma 3.11. i : Co([R) x (yU x Ei) — > Co{R) x Q x (yU x Ei) induces C ■ idz 
for some ^ C (zl- on both Kq and Ki . 

Proof. First of all, we claim that i : Co(IR) x /i — > Co(IR) x^Q x induces 
Z Q © Z on ifo for some ^ C G Z. 

To show this, we consider the /3_i-invariant inclusion Co(IR) ^ Cq{R) Xf^ Z. It 
yields, using the Pimsner-Voiculescu sequence and its naturality, the following 
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commutative diagram with exact rows: 

Z z . Ki(Co(R) x^_^ Z) 

Z z > K,{{Co{R) Xf, Z) x^_^ Z) 



Therefore, i : Co(IR) x^_^ Z — > (Co(lR) Z) x Z does not induce the trival 
map on Ki. 

Now, by [Bla] . THEOREM 10.7.1 (the sequence described therein is natural 
with respect to covariant homomorphisms) , we get the following commutative 
diagram with exact rows: 

KoiCoiR) x^_^ /i) > Ki(Co(R) x^_^ Z) > 



Ko{i) 



Kid) 



Ko{{Co{R) xif, Z) x^_^ /i) > Ki{{Co{R) x^, Z) x^_^ Z) . ... 

In the commutative square, going right and then down does not yield the trivial 
map, and hence, KQ{i) is not trivial. 

As Ko{Co{R) x^_^ ^ Z by ([12]) and (3b ~h id on Co{R) x^_^ /x, the nontrival 
image of KQ{i) is fixed by Ko{(3h) for all b G Z>o. Hence it follows that 

Co{R) x^_^ /i ^ Co(R) x^ Q x^_^ /i ^ lim |(Co(R) x^, Z) x fi-jA 
does not yield the trivial homomorphism on Kq, either. 

Now, if,(Co(R)xQ>^/i) ^ J'^®^if^' = andK,(Co(R)xQx(/ixri)) ^ Z 

[{0} for J = 1 

for j = 0, 1 as we already know. Therefore, studying the Pimsner-Voiculescu 
sequence and going through the possibilites yield that A'o(/^2) must be of the 
form Q © Z Q © Z with ? ^ idq on Ko{Co{R) x Q x^_i fi). But we 

have just seen that Ko{i){l) is fixed by Ko{P2), where 1 is the generator of 
Z ^ Ko{Co{R) x^_^ fi). Thus, Ko{i){l) = (0, C) for some 7^ C e Z (C is 
nontrivial as Ko{i) ^ 0). This proves our claim. 

Secondly, the Pimsner-Voiculescu sequence, together with its naturality, im- 
plies that the assertion of the Lemma is true. □ 

Theorem 3.12. We have Kji^^""^) ^ Z^'""' for all m G Z>o (j = 0,1). 



C*-ALGEBRAS ASSOCIATED WITH INTEGRAL DOMAINS 17 

Proof. We prove by induction on m that Kj{Co{R) x Q x (/i x Tm)) = Z^™"^ 

for j = 0, 1 and that Co(IR) x (/^ x Tm) Cq{R) x Q x (// x 1^) induces 

c * \ 

1 on K-theory. 
' cJ 

The case m = 1 has just been shown in the last lemma. 

Now, assume that we have proven our assertion for m. We have (for j = 0, 1) 
the following commutative diagram 





ir,(Co(R)x(/ixr„)) 



id-(/3p 

KjiCoiR) X Q X (/i X r^)) ^^i^ ^i(Co(R) x Q x (/i x r„) 

As we know by induction hypothesis that Kj{{Co{R) x Q x (yu x Tm)) (j = 0, 1^ 

is torsion-free and that i* = I • . ) , id — (/3p„^J^ ^ must be trivial. 

V ' cJ 

Therefore, 

ir,(Co(R) X Q X (/ix r„+i)) 
^ i^,((Co(R) X Q X (/i X r„)) © Kj+i{{Co{R) x Q) x (/i x r„)) 



for j = 0, 1 and the inclusion i induces 







c 







V 



c 



on K- 



C J 

theory under this decomposition of Kj{Co{R) x Q x (/x x Tm+i)) {j = 0, 1), as 
we wanted to prove. 



Now, the theorem follows from iQ and Corollary I3.10[ 



□ 



We can instantly derive the following consequences: 

Corollary 3.13. Ad (sp^^ J induces the identity on -ft'*(2t^™)). 

Corollary 3.14. = A* (Q>o) where Kq corresponds to products of even 

and Ki corresponds to products of odd numbers of pairwise distinct primes. 

Remark 3.15. Using analogous arguments, we can determine the K-theory 
of C*{u^,{sb: b G Z>o}). This case has already been investigated in |Cun] . 
where C*{u^, {si,: b G Z>o}) is denoted by Qug. Again, the main point is that 
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Corollary 13.101 allows us to compute the multiplicative action of Z>o or Q>o 
on K-theory. As the final resuh, we get K^{C*{u\ {sb- b e Z>o})) = A* (Q>o) 
where Kq corresponds to products of odd numbers, Ki corresponds to products 
of even numbers of pairwise distinct primes. 

Remark 3.16. Looking back at our explicit calculations for Q, we see the 
following main steps: 

1. Compute the K-theory of 2t(°) = C*{{u''} , sq, {eb}). Here C is a root of 
unity which generates /i. 

2. Compare the finite adele ring and the infinite one. 

3. Show that it is enough to consider the multiplicative action of on the 
infinite adeles. 

4. Apply the Pimsner-Voiculescu sequence iteratively, together with a homo- 
topy argument showing that the multiplicative action of the torsion-free part 
of is trivial on K-theory. 



4. A DUALITY THEOREM 

First of all, let us concentrate on the second step of our program. We can 
generalize Corollary 13.101 to arbitrary global fields (number fields or function 
fields). Our result can be viewed as a duality theorem based on the duality 
results of Theorem 12.41 So, we prove the following 

Theorem 4.1. Let K be a global field and T be a subgroup of . 

The C*-algebras Co(Aoo) yi K yiV and CoiV ■ iX{o^)) x (T ■ o) x T are Morita 
equivalent, where the groups act via inverse affine transformations. 

With Pk = K xi we get as a special case (F = K^): 
Corollary 4.2. Co{k^) x Pk ~m C^i^f) x Pk- 

As in the case of Q, this result allows us to compute the action of by 
homotopies. But first of all, let us prove Theorem 14.11 We need two lemmas. 



4.1. Crossed products by subgroups of the dual group. 
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Lemma 4.3. Assume that {G, +) is a locally compact abelian group and that H 
is a subgroup ofG. Equip H with a topology such that H becomes a locally com- 



pact group and 6h{f) = [g ^ — > h{g)f{g)]; eg{f) 



h 



K-g)hh) 



extend 



to strongly continuous actions of H on C*{G) and of G on G*{H) respectively. 



Then ^ : Gc{G x H) — > Gc{H xG); f ^ 
an isomorphism C*{G) xg H = G*{H) G. 



[{h,g) h-^ h{—g)f{g,h)] extends to 



Before we come to the proof, just note that the discrete topology on H is always 
a possible choice. Actually, this is the case of interest for our applications. 

Moreover, Lemma [4.31 generalizes our result in Section [3.2.21 



Proof. The strategy is to show that (p is an isomorphism of *-algebras and 
that ip is isometric with respect to the norms IMIii(//ii(G')) || -11^1(0 li(_h"))- 
Then we just have to see that G*{G) x H and G*{H) x G are the enveloping 
C*-algebras of L^{H, L\G)) and L\G, L\H)). 

The central idea is that infinitesimally, we have the relation 
(13) WhVg = h{g)vgWh 

in both crossed products G*{G) x^ H and G*{H) x^G. Here, Vg and Wh are 
the infinitesimal generators corresponding to G and H respectively. 

So, as a first step, integrating ( fT3ll gives ^{fi * /2) = V'(/i) * V^(/2)- Thus, ip is 
multiplicative. Moreover, a simple computation shows that ip is involutive as 
well. 

Secondly, applying Fubini, we see that ip extends to an isometric isomorphism 

L\H,L\G))^L\G,L\H)). 



Finally, C*{G) xH is defined as the norm closure of L^{H, C*{G)) with respect 
to the norm 

11/11 = sup {||7r(/)|| : TT nondegenerate representation of L^{H,G*{G))^ . 

Now, we claim that we can equally well take the norm closure of L^{H, L^{G)) 
in the norm 

11/11' = sup {||7r(/)|| : TT nondegenerate representation of L^{H, L^{G))^ . 

To see this, it suffices to prove ||-|| = ||-||' on L^{H, L^{G)), since this alge- 
bra is dense in L^{H,G*{G)). So, it remains to show that any nondegenerate 
representation of L^{H, L^{G)) extends to a representation of L^{H,G*{G)) 
(which will automatically be nondegenerate, too). Now, any nondegenerate 
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representation of L^{H,L^{G)) is the integrated form of a covariant repre- 
sentation. Actually, one can adapt the proof of the analogous statement for 
L^{H,C*{G)) (see for instance |Ped] ) . The only thing one has to use is that 
L^{G) has an approximate unit. But then, the integrated form of the corre- 
sponding covariant representation defines a (nondegenerate) representation of 
L^{H,C*{G)) extending the original one. This shows that C*{G) x is the 
enveloping C*-algebra of L^{H, L^{G)). Analogously, C*{H) x G is the en- 
veloping C*-algebra of L^{G, L^{H)). But we already know that extends to 
an isometric isomorphism L^{H, L^{G)) = L^{G, L^{H)). Thus (f also extends 
to an isomorphism C*{G) = C*{H)^G. □ 

4.2. Comparison of groupoids. As a second step, consider the following 
transformation groupoids which are closely related to the C*-algebras appear- 
ing in Theorem l4.lt Fix a subgroup F of . Each 6 G F acts on Aqo via multi- 
plication by h~^. This gives rise to an action of F on Aoo and thus to the semidi- 
rect product Aqo x F. Let Q be the groupoid associated to the right action of 
Aoo xF on A/K via affine transformations (given by '7i{x)-{t, b) = 7r(6((t, 0)+x)), 
with the canonical projection tt : A — > k/K). 

Now, let o be the integral closure of Z in K if is a number field, and 
the integral closure of Fp[T] in case K is a. function field of characteristic p. 
Moreover, Y\ o„ is the maximal compact subring of Aj, as above. F acts on F-o 
by multiplication as well (this time, we do not take inverses) and we can form 
(F-o) XI F. Denote by Q the groupoid associated to the right action of F ■ o x F 
on F ■ (]^ Ot,) C Aj via inverse affine transformations (^ ■ (a, 6) = h~^{^z — a)). 

Lemma 4.4. Q and Q are equivalent as groupoids, in the sense of |MRW] . 
This is the analogue of Proposition 13. 8[ but now in the general context. 

Proof. We will use Example 2.7 of [MRWj to reduce our assertion to certain 
subgroupoids. The remaining groupoids will even be isomorphic. 

First of all, it is shown in [MRWj . Example 2.7, that a locally compact (Haus- 
dorff ) groupoid G is equivalent to G% if is a closed subset of G° such that 

(i) A^ meets every orbit in G° 

(ii) the restricted range and source maps Gj^j — ^ G are open. 

We would like to apply this result to Q and Q\ Consider the first groupoid 
with A^ = 7r({0} x (^o^,)) C A/AT = A^ is closed because {0} x {Y[Oy) is 
compact and tt is continuous. 
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satisfies (i) since given x = {xoo,Xf) G A, we can find a E K, z eY[c>v such 
that a + z = Xf (we have Af = K + (Yl'^v), see |Weil] . IV, Lemma 2.1 and 
[Weil] ■ I, Corollary 4.2). Thus, x = {xoo — a,z) + a which implies 

tt{x) = 7r(0, z) ■ (xoo - a, 1) = r(7r(0, z), {x^o - a, 1)) 

where r is the range map of Q. This shows that meets every orbit in Q^. 

To prove (ii), note that Gn = {(7r(x), (t, b)) E Q: Ti{h{{t, 0) + x)) G N} by def- 
inition. s\gj^ : Qiq — > N; {tt (x), (t,b)) i — > 7r(6((t,0) + x)) is open because 
for any open subset U C Q, s{U n Qn) = s{U n ^-^(A^)) = s{U) n is an 
open subset of A^ since the source map s is open. It remains to prove that 
r\gr^ : Qn ' — ^ N; (vr(a;), it,b)) i — > 7r(x) is open. To see this, take open sets 
U C A/K, 1/ C Aoo and b e T. Consider the open subset U x {V x {b}) of 
Q. It suffices to look at open sets of this form since they form a basis for the 
topology of Q. 

Now, we have r{U x{Vx {6}) n^jv) = Unn{{~V) x b'^ ■ (H Oy)) because of the 
following reason: For any x G A, tt{x) G r{U x (V x {b})r\Qj\f) means that 7r(x) 
lies in U and that (7r(x), (t, b)) G Qn for some t E V. The second statement is 
equivalent to: "There exists t eV with n{x) E 7r((— t, 0)) + b~^ ■ N" which is 
again equivalent to "7r(x) G 7i{{—V) x b~^ ■ ([I'^v))" ■ This proves our claim. 

But since vr is open and b^^ ■ (H c>v) is open in A/, U n7r((— V) x b^^ ■ (Yl ^v)) is 
open in = k/K. Therefore, (i) and (ii) hold true and thus, Q is equivalent to 

= {{7t{x), {t, b)) E k/K X (Aoo ^ r): n{x) E N and n{b{{t, 0) + x)) E N}. 

We study ^ in a similar way: Consider the closed subset iV := J| of F ■ 
iU^v) = N meets every orbit in by construction. 

Moreover, Qj^ is given as |(2;, (a, 6)) G Q: b~^{z — a) G iv|. Let f, s be the 
range and source maps of Q. 

s\g_^ is open as s{U n Gjy) = s{U n 5"^(iV)) = 5(f/) n iV is open in iV = 

for any open subset f/ C ^ because s is open. And f |g , is open since given any 

open subset U CT ■ (Yl (^v), r{U x {(a, b)} (IGn) = U (1 {a + b{Y[ o^)) is again 
open in F ■ (H^'f) = As above, it is sufficient to consider open subsets of 
this type as they form a basis for the topology of Q. 

Thus, we have seen that (i) and (ii) hold. This implies that Q is equivalent to 
^1 = {{zia, 6)) G F • (n o.) X (F ■ o X F): ^ G n and b-\z - a) E U o,}. 

Finally, we want to show that $ : — > Q^; {z, (a, b)) i — > (7r(0, z), (a, b^^)) 
defines an isomorphism of topological groupoids. 
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First of all, $ is well-defined as (z, (a, b)) G means b ^ {z — a) E N = Y[ Ov 
and therefore, 7r{b-\{a, 0) + (0, z))) = 7r(6"^a, b'^z) = 7r(0, b'^z - b'^a) G A^. 
Furthermore, $ is injective since (vr(0, z), (a, b^^)) = (7r(0, z'), (c, rf"^)) implies 
a = c, b = d and (0, z— G K -vv- z = 2;'. $ is surjective: Given (7r(a;), {t, b)) in 
Q^, 7i{x) G means that there exists 2; G H with 7r(x) = 7r(0, z). Moreover, 
we know 7r{bt,bz) = 7r(6((t,0) + (0, z)) G A^. This implies that there exists 
z' elloy with {bt, bz)-{0, z') = {bt, bz-z') G K. Thus, bt e K and 6t = 
which yield t e K n {T ■ {]\ o^)) = V ■ {K n {]\ a„)) = F ■ o by Lemma O 
Therefore, we have found (2;, (t, 6^^)) G with (t, 6^^)) = (vr(x), (t,b)). 

Moreover, it is easy to check that $ respects the groupoid structures as well. 

As the last point, we have to check that $ is a homeomorphism. It is im- 
mediate that $ is continuous. To prove that is continuous, choose a se- 
quence {zn, (a„,6„)) G with lim„^oo (an,&n)) = ^{z, {a,b)) G for 
(z, (a,6)) G This means lim„_,oo(7r(0, z„), (a„, 6^^)) = (7r(0, 2;), (a, 6"^)). 

We have to show lim„^oo(2;n, (a„, &„)) = {z, (a, 6)) in As lim^^oo b~'^ = b'^ 
in the discrete group F, we conclude that bn = b for almost all n. Thus, we 
can assume without loss of generality that b^ = b for all n. Moreover, we 
have for all n that a„ lies in K and b(zn ~ a) G N = Yl^v- With b = ^ for 
some /, m in o, m 7^ 0, we conclude that a„ G ((H '^v) + b~^ ■ (Yl ^v)) H K C 
(j ■ (n ^v)) n K = J ■ o hy Lemma 12.31 Since j ■ o sits discretely in Aqo, it 
follows that a„ = a for almost all n. Finally, to see that lim„^oo Zn = z in 
N = Yl Ct), observe that A^ = ]^ — > N; z 1 — > 7r(0, z) is a homeomorphism 
as it is a bijective, continuous map between compact (Hausdorff) spaces. 

This shows that = as topological groupoids. Hence, we have shown 

y ~Af = yN ~a/ y- 

□ 



4.3. End of proof. With these two lemmas, we are ready for the 



Proof of Theorem \4.1\ Start with the additive action of K on Co(Aoo) given 

by faig) = giU - a) for all g G Co(Aoo). Since Aoo = by Theorem [231 (El), 
Fourier transform yields 



C^*(Aoo) = a(Aoo);a(Aoo)9/ 



t ^ 



{s,t) f{s)ds 



Under this identification, f corresponds to the action r on C*(Aoo) given by 
'^aif) = U) ■ /. Thus, we are precisely in the situation of Lemma 14751 with 
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G = Aoo, H = K {H viewed as a discrete group). Lemma IT3] yields 

Co(Aoo) K ^ C*(Aoo) Xr K ^ C*{K) xi^ 

with A((m") = {a,t)u"' for all a G -ft', t G Aqo- Applying again Fourier trans- 
form, together with Theorem 12.41 ([2]), we end up with 

C*{K) Aoo = C{k) X Aoo = C{A/K) 

with Ai(/) = /(7r(t,0) + U). 

So, to sum up these observations, we have an isomorphism 

Co(Aoo) Xf ir = C(A/ir) XI 3^ Aoo. 
Now, let r be a subgroup of . Under the last identification, the action of F 
on Co(Aoo) xirK given by Pbig-u") = g{h~^U)-u''^ for all g G Co(Aoo), a e K,b e 
corresponds to the following action of F on C{k/K) yij^koo'- i — ^ ft]) = 
[t I — > \N {h)\fht{hyS)\ where N denotes the norm on . 

Using [Wilj ■ Proposition 3.11, we deduce 

(Co(Aoo) x^ JO x^ F = {C{k/K) xj^ Aoo) x.^ F ^ C{k/K) x (Aoo X F). 

The semidirect product Aoo x F is taken with respect to the action of F on Aoo 
which we already had in Theorem 14.11 and the action of Aoo x F on C{k/K) 
is given by (t, 6) ■ f{x) = f{x- (t, 6)) = /(7r(6((t,0) +x))). Thus, Lemma SiH 
combined with {MRWj . Theorem 2.8, yields 

Co(Aoo) X (ir X F) ^ (Co(Aoo) x^ ir) x^ F = CiA/K) x (Aoo X F) 

= C*ig) C*{g) = Co(F • (J]o,)) X (F ■ o) X F. 

The first identification follows again from |Wil] . Proposition 3.11. Moreover, 
the first and the last crossed products are given by the corresponding actions 
via inverse affine transformations. □ 

5. Computations "without roots of unity" 

Let us concentrate on number fields now. Fix such a field K and let o be 
the ring of integers in K. Before we turn to the whole ring C*-algebra of 
o, let us study the C*-algebra "without roots of unity" first. More precisely, 
we fix a subgroup F of with = ^ x T and consider the decomposi- 
tion = fi X (Fflo^). Note that /i C o by definition. Then we consider 
25 = C*{{u"-, Sb- a e o,b eT n o^}). This C*-subalgebra is generated by all 
unitaries given by addition but only those isometries which come from the 
torsion-free part F of . We point out that ^ depends on the choice of F. 



The reason why we first compute the K-groups of 03 is twofold: On the one 
hand, it is possible to carry out the calculation in complete generality, in 
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contrast to the computation of K^:{Qi) (at least up to now). On the other 
hand, some of the results which we prove along our way to determining i^'^,(*B) 
will enter into the calculation of /^^(Sl) later on. 

As far as our strategy is concerned, we more or less follow the program de- 
scribed in Remark 13.161 This means that we will first compute the K-theory 
of ^B^^-* := C*{{u"'} , {cfe}) via a suitable filtration and then use Theorem 14.11 
to adjoin the isometries by a homotopy argument. 

The final result is 



'A* (r) if#{t;4=0 

A*(r) if #{t;K}odd and#{t;R: v^ib) <0}evenV6Gr 
' (Z/2Z) ®z A* (r) if # {v^} odd and 3 6 G r : # {vr. v^{b) < 0} odd 
^ (Z/2Z) ®z A* (r) if # {v^} > 2 even 



Here, Z/2Z is trivially graded and we consider graded tensor products. 

5.1. K-theory of As a first step, the K-theory of ^B'^^-' can be computed 
with the help of a suitable filtration. 



If uji, . . . ,Un is a Z-basis for o and if we write u{i) := u'^^ then the copy of 
Z will be generated by [u{l)]^ x ■■■ x [^(n)]-^ G i^„(?B '•''-'). Here, we take the 
product on K-theory as it is described in |HiRo] . -^.7. 

Proof. By relation II., = ^ u^^'Cmu"^'^ where we sum over o/ (d) = {a + (d)}. 
Thus, we obtain the inductive system {C*{{u°-} ,6^); L^fid} with the inclusions 
^■b,bd '■ C*{{u°'},^b) ^ C* {{u""} , ^bd) ■ The associated inductive limit coincides 
with C*{{u''} ,{eb}) = 23^°). Hence, we have to determine K^{C*{{u^} ,eb)) 
for single b as well as {Lb,bd)*- 

First of all, C*{{u^}) ^ C*{o) ^ C*(Z"). Thus, K,{C*{{u''})) = Z^" and 
X ■ ■ ■ X [^(4)]-,^ : 1 < ii < ■ ■ ■ < ik < n,0 < k < n} is a Z-basis. For 
A; = we get [1]q. Moreover, we have 

Lemma 5.2. For any b G Z>o, we have C*({u"},eb) = Mbn{C*{{u''})) . 

Proof of Lemma \5.2[ Choose a minimal system TZb of representatives for o/ (6) 
in o, in the sense that for any c, c' in TZh, c — c'^ (6) implies c = c'. We always 
assume G TZb- From this data - using £^(0) = £^(c + (6));Cr ^ Cc+br - we 
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construct a unitary P{o) = ©ce7e6^^(c+ (&)) = ©7ei,^^(c)- Conjugation with 
this unitary yields an isomorphism 

We show that (pb{C* {{u°-} , Cb)) = Mbn(C* ({«"})): The universal property 
of Mbn(C* ({«"})) = Mbn(C) ® C*({m"}) gives rise to a homomorphism (ph ■ 
Mh4C*{{u^})) ^ C*(K} ,eb) via 0fe(e,,e' ® 1) = M^CbU"^'; 0fe(l ® m'*) = u'"^. 
06 is surjective and we have ipb o (f)f, = idM^n{c*{{u'^},et)) by construction. This 
implies (^b(C*(K},efe)) = M6n(C*(K})). ' □ 



Thus, C*{{u''}) "^'^ Mhr^{C*{{u''})) ^ C*({m"} ,ei,) induces an isomorphism 
on K-theory. By continuity of K^:, we get 

i^,(?B(°)) = lim{ir,(C'*(K} ,6^)); Kfcd)*} 

Z>o 

= lim {K,{C*{{u''})); (eo,o ® id);^ o {ipf,^), o (^6^^,^), o {(j)^^), o (eo,o ® id)*} 

Z>0 

where we used = ^9^^ (see Lemma [S^D- It suffices to take the inductive 
limit over Z>o as Z>o is cofinal in . 

To understand the structure maps, note that by a modified version of Lemma 
15.2^ (phd o (eo,o ® id) can be written as the composition 

C*(K}) ''^^ M,„(C*(K})) ^ C*i{u'^} , e,) 



and that the diagram 



C*^{u'^}) ^^^±1:^ C*(K},e,) 



C*(K},e.) ^^^^^^ C*(K},e,.) 
commutes (these observations follow from (pi, o (eo,o ® id) = Ad (s^)). Thus, 
(eo,o ® id):;^ o {ifu)* o {Lb^bd}* o (0b)* o (eo,o ® id)* 
= (eo,o ® id);^ o (y9rf)* o (eo,o O id);^ o (1^9^)* o (0^)^ o (eo,o O id)* o (i^^^)^ 

Therefore, with := 61, d, it remains to determine (eo,o ® id);^^ o ((/j^)* o (i^)*. 

Now, define z/^ : C*({m°}) — ^ C*{{u''});u'' ^ m'^" for G Z>o. Functoriality 
of the K-theoretic product yields 

(z^d)*([M(«i)]i X ■ ■ ■ X [m(4)]i) = c^'' [m(^i)]i X ■ ■ ■ X [u{ik)]^ . 
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The crucial observation for our purposes is that we have 

(14) <Pd°t'dOUd = Irfn (g) id. 
This follows from the construction. We get 

(eo,o ® id);^ o ((^^)^ o (id)^ o (ud)* = (eo,o ® id);^ o id)* = rf" ■ id* 
and thus (eo,o ® id)^r^ o (Lpd)* o (i^^)* = • (i^d)^^- We conclude that 

(15) (eo,o ® id);^ o (yp^)* o (id)*([n(ii)]i x ■ ■ ■ x [M(zfc)]i) 
= r-'-i[uit^)],x...x[u{tk)],). 

This allows us to calculate the K-groups of !B^°\ and we get the desired results. 

□ 

5.2. K-theory of We distinguish between the following cases: 
1. #W} = 

By |Neu] . I, Proposition (8.4), there are infinitely many primes in Z C o which 
are unramified in o. Hence, since n is finite, by taking an appropriate product 
of unramified primes, we find a number p G Z>o in F which we can extend to 
a Z-basis for T of the form {p,pi,p2, . . ■}■ 

Let Tm be the subgroup {p,Pi, ■ ■ ■ ,Pm) of T and consider 03*^^^ := C*{^^^\ Sp). 

Since Ad {sp)4[u{ii)]-^ x • • ■ x [u{ik)]^) = [u{ii)]^ x ■ ■ ■ x [u{ik)]^ by 
and 

^ XAd(s,) N ~M lim{^W; Ad(sp)} XAd(s,) Z 
~Af (^0(10 • (JJ o^,)) X To ■ o X To 

(similar to (jlj)), we conclude that -ft'j(^^^^) = Z for j = 0,1. This result. 
Lemma 15.11 and Theorem 14.11 show that 

(16) ir,(Co(Aoo) X i^) = K,{C([[a,) x o) ^ Kj{<B^°^) 

{Q^""^ for j = n + 1 mod 2 
q2"-i-i z for j = n mod 2; 

(17) K^{Co{k^) X X To) = /^,(C(ro ■ (n^^^O) X (ro ■ o) x To) 

= KjC^^^^) ^ Z for J = 0,1. 

Moreover, as the multiplicative action of on Aqo is homotopic to the trivial 
action, the Pimsner-Voiculescu sequence yields Kj{Co{Aoo)xTo) = Z (j = 0, 1). 
Now, we claim Kj{Co{Aoo) x JsT x L^) = Kj{Co{Aoo) x F^) = Z^"* for j = 0, 1 
and that im '■ C'o(Aoo) x — > Co(Aoo) x i^T x F^, the map induced by the 
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fC^-covariant inclusion Co('^oo) ^ C'o('^oo) x K, yields an injective map on 
K-theory. Let us prove this assertion by induction on m. 

m = 0: We already know Kj{Co{koo) x /sT x Tq) = Kj{Co{koo) x Tq) = Z for 
j = 0, 1. It remains to show injectivity of (zq)*: By fll6p . fll7p and the Pimsner- 
Voiculescu sequence, Co{Aoo) xi K ^ C*o(Aoo) >i K xi Tq must be nontrivial on 
the copy of Z in Kj (j = n mod 2). Moreover, Col-^oo) ^ Co{Aoo) x o 
is injective on K-theory by the Pimsner-Voiculescu sequence. And we have 
Co('^oo) xi K = lim{Co(Aoo) x o} where the structure maps fix the image of 
Co(Aoo) in C'o(Aoo) X o on K-theory. It follows that Co(Aoo) ^ C'o(Aoo) x K is 
injective on K-theory and its image is fixed by Fq in K-theory and thus must 
be contained in the copy of Z (j = n mod 2). Thus, (io)* is injective. 

Now, assume that we have proven the claim for m. The following diagram 

i^,(a(Aoo) xr„) ir,(Co(Aoo) X r^) 



(«m)* 



Kj{Co{A^) X X r™) ^""""^^^^ > K^iCoiA^) xKxT^) 

commutes, where we used that the multiplicative action of on Co(Aoo) is 
equivariantly homotopic to the identity. As Kj{Co{Aoo) x K x Tm) (j = 0, 1) 
is torsion-free and (im)* is injective by hypothesis, it follows that (Pp^+i)* 
^K,{Co{A^)xK>,r^)- Thus, we get Kj{ 



idi<:.(Co(Aoo)xi^xr„)- Thus, we get Kj{Co{Aoo) x x r„,+i) = Z^""^' for j = 0, 1 



by the Pimsner-Voiculescu sequence. Injectivity of {tm+i)* = ^'•^g^* ^.^^^ 
follows by induction hypothesis. This proves our claim. 

Therefore, 

K,{Co{A^) X K X P) = limK,(Co(Aoo) x x P„,) = limA* (P^) = A* (P). 

m m 

Since 03 ~m Co(A/) x K y\T C*o(Aoo) x K x P by the analogue of (H]) and 
Theorem sill we conclude K^{^) = A* (P). 

The remaining cases are very similar to the first one. The only difference lies 
in the fact that the multiplicative action does not need to be homotopic to the 
identity any more. 

2- # {vr} odd and # {v^: v^{b) < 0} is even for all 6 G P 

We still have that the action of P is equivariantly homotopic to the identity 
on Co(Aoo)- Thus, we can adapt the computations of the first case. Again, 

K,{^)=A* (P). 
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3- # {vr} odd and # {v^: v^{b) < 0} is odd for some 6 G F 

Choose a basis {p,pi,...} of T as in the first case (#{fR} = 0), but we 
additionally require v^^pi) < 0} to be odd and #{f|R: fRfe) < 0} to 

be even for alH > 1. Now, let = {p,pi, . . . ,Pm) C F as above, and let F^ 
be the subgroup generated by {p,P2, ■ ■ ■ ,Pm} such that F^ = F'^ x {pi). 

We have ~h where tm := (f (Pm)/|t^(Pm)|)t;|oo- For m 7^ 1, is of 
period 2 and induces the identity on i^'^(Co(Aoo)). Thus, going through the 
Pimsner-Voiculescu sequences, we get that f3t^ and therefore (3p^ induces the 
identity on i^^(Co(Aoo) x F'^.^). 

Hence, for the same reasons as above (in the first case), we get 

ir.(Co(Aoo)xirxFj = A* (T'J. 

But now, we have to add pi. (3p^ induces —id on _ft'=K(Co(Aoo) x F'^) as the map 
is of order 2 on K-theory but gives —id on i^'^,(Co(Aoo))- So, using the Pimsner- 
Voiculescu sequence again, we see that /3pj induces —id on ii'^,(Co(Aoo) x F'^) 
and thus on i^=„(Co(Aoo) x xi F'^) as well. Hence we get 

i^*(Co(Aoo) X X FJ = (Z/2Z) ®z A* (F'^) 

and finally, in the inductive limit 

K,{^) ^ K,{CoiA^) X X F) ^ (Z/2Z) ®z A* (F). 

4. # {wr} > 2 even 

Since IR ■ i^' = Aoo, there must be some b E T with #{fR: fR(6) < 0} odd. 
Then, the same arguments as in previous case show that 

K,{^) = K,(Co(Aoo) X X F) = (Z/2Z) ®z A* (F). 

6. General results for /i = {±1} 

As in the previous section, let be a number field of degree n = [K : Q] and 
let o be the ring of integers in K. We follow the program of Remark 13.161 
and compute the K-groups of the ring C*-algebra associated to o under the 
assumption that the only roots of unity in K are ±1 (/i = {±1}). We will 
explain below why we cannot treat the general case up to now. 
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The final result (with = /i x F) is as follows: 

{Ko{C*{ii))®^ A* (r) if#{t;,} = 
K,{Ql) = I A*{T) if #K} odd 

[a* (r) © ((Z/2Z) ®z A* (r)) if # {vk} > 2 even. 

Here we consider graded tensor products where Kq{C*{^)) and Z/2Z are triv- 
ially graded. We take the diagonal grading on the direct sum. Moreover, note 
that the condition {v^} is odd" is equivalent to "ra is odd". 

6.1. The K-theory of 21''°-*. The first step is to calculate the K-groups of 
C*{{u"'} or - what amounts to the same - of the group C*-algebra of 

XI yu = Z" X Z/2Z. Let wi, . . . ,a;„ be a Z-basis of o and set u{i) = u'^' for 

1 < i < n. We thank W. Liick for pointing out the following result to us: 

Lemma 6.1. The K-theory of C*{o x /i) is given by 

KoiC*{o X /i)) = Gf^n®Ginf 

where Gfin = Z^" is the part coming from finite subgroups and G^f = Z^" \ 
Ki{C*{o X /i)) is trivial. 

Moreover, if we identify C*{o x fi) with C*{{u"'} , s_i), we obtain the following 
projections whose classes in Ko{C*{{u"-} , form a Z-basis for Gfin: 

|(1 + u{ii) ■ ■ ■u{ik)s^i) where 1 < ii < ■ ■ ■ < i^ < n, < k < n. 

Furthermore, the inclusion 

i : C*(K}) ^ C*{o) ^ C*{o y< fi) = C*(K} , s_i) 

maps Kq{C* {{u"-})) into Ginf injectively. Thus, its cokernel is finite. 

Proof See |ELPWj . Theorem 0.4. □ 

The next step is to compute the K-theory of St^^-* := C*{{u"'} , s_i, {cf,}). 

Lemma 6.2. 7^0(21^) = |^ ® f """^"^ . K,{Ql(^^) is trivial. 

^ ' [Z©Q2" -1 ©Z ifn even ^ ' 

Proof. Again, 2t(°) ^lim{C*({M'^},s_i,eb)} and with analo gous arguments as 
in the proof of Lemma lS.ll we get 

ir,(2t(°))= lim {i^,(C*(K},S-i));(eo,o®id);^M*(^d)4. 

It remains to determine 

Kd:= (eo,o®id);^M.M. : K,{C\{u^} ,s.^)) ^ K,{C*{{u^} ,s_r)) 
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for d E Z>o. In our computations of K^{^^'^^) in Lemma [5. we have aheady 
seen in f|T5|) that 

Kd{[u{ii)]^ X ■ ■ ■ X J = rf"-'' X ■ ■ ■ X [u{ik)]^ 



for 1 < ii <■■■< ik < n, < k < n. Thus, by Lemma (6 .11 Hd\Gi„f given 
by a diagonal matrix whose entries are powers of d. Among these diagonal 
entries, 1 = d^ appears if and only if n is even, this entry then corresponds to 

(Kl)], X . . . X Kn)] J G ir„(C*(K} , ^-i))- 

To determine K,d\Gfi„, distinguish between two cases: 

1. d = 2: We choose 7^2 := {0, uji, uj2, + ^2, ^3, . . . , cui + ■ ■ ■ + Un}. With 
this choice, and under analogous identifications as in Lemma 15.21 



' u 



(P2 O L2{S_i} 



u(2)*s_ 



m(1)*m(2)*s- 



V 



u{l)* ■■■u{n)* s 



\ 



This shows that fi;2([|(l + -S-Ojo) = Yl + "^(^i) ' ' " '"(^fc)'5~i)] q where the 
sum is taken over all 1 < ii < ■ • • < ifc < n, < A; < n. 

Now, the remaining symmetries u{ii) ■ ■ ■u{ik)s^i with 1 < ii < ■ ■ ■ < ik ^ n, 
l<k<n map f{c + (2)) bijectively into i\c' + (2)) for c ^ c' in 7^2. Thus, 



a typical building block in {p2 o ^2(^(^1) ■ ■ ■u{'ik)s~i) is of the form 
for a unitary V. As 



... V* 

: : 
V ... 



1 

2 


/ 1 ... y* 
/ 

1 : : 

\ 
\ V ... 1 


y- 


/ 1 ... ON 

GO- 


K2([i(l + M(zi)-- 


uiik))]o) = 


2"-l Thus, K2 




/I 










1 















2"^^ . . . 


2n-i 


2" 




u 







2' 



where ? is or 1 depending on the parity of n. 

2. Let d be odd, say d = 2d' + 1: 

This time let TZd be {Ylm=i ^m^m- - d' < Im < d'}. 
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For any < k < n, 1 < ii < ■ ■ ■ < < n, u{ii) ■ ■ ■ u{ik)s^i maps £^(c + (d)) 
bijectively into itself if and only if c = — Yl^m=i ^'^im^ a calculation shows 
that for this c G TZd, u{ii) ■ ■ ■ u{ik)s^i acts on £^(c+ (rf)) like u{ii)* ■ ■ ■ u{ik)*s^i 
under the identification f'{o) = £'^(c+ (d)); ^ ^c+dr- 



Thus, + 
Then is given by 



U{ti) ■ ■ - u 



1 

1 


\ 








2 ■ ■ ■ 2 









■ ) 



where ? is or 1 depending on the parity of n. 

Therefore, K2d (for d odd) is represented by the matrix 
/ 



1 


\ 


: 





1 






(2d)" 


; 







{2dy J 



V 

where ? is or 1 depending on the parity of n. 
The result on the K-theory of 21*-°^ follows. 



□ 



Our computations show that for any d G Z>i, Ad (s^) induces id on the copies 
of Z and multiplies the generators of Q by some constant > 1 in Kq. Thus, 



(18) 



ir,(C*(K},s_i,{eJ,s,)) 



Z if n odd 
Z^ for n even 



for j = 0, 1. Here we have used the Pimsner-Voiculescu sequence together with 
the description C* ({«"}, s_i, {cfe} , s^) ~m A^lim Ad (s^)} XAd(.d) Z. 



6.2. Comparison between infinite and finite places. The main result 
(Theorem 14. ip has already been proven in Section |H Applying Theorem 14.11 
to our situation, we obtain, together with Lemma 16. 2[ 

Z © Q^""' if n odd 



i^o(Co(Aoo) xiK xifi) 



Z © Q^" © Z if n even. 
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^i(Co(Aoo) X X /i) = {0} 



and, using (fTSjl . 



Z if odd 
if n even 



for j = 0, 1. Furthermore, studying the Pimsner-Voiculescu sequence associ- 
ated to 

Co(Aoo) X X (/i X {d)) = (Co(Aoo) X X ^) X (rf) 

(((i) = Z), we get that the only Q>o-invariant part of -K'o(C'o(Aoo) x x yu) is 
given by the copies of Z. We will need this observation later on. 

6.3. The multiplicative action. By equivariant Bott periodicity, we obtain 



since Aqo = R" (compare Section I^TTI) . 

Now, consider i : Co(Aoo) x /i — > C'o(Aoo) x x /x, the homomorphism induced 
by the inclusion Co(Aoo) ^ C'o(Aoo) x K. Our aim is to prove that is injective 
on K-theory. 

First of all, note that it suffices to prove that i' : Co(Aoo) x /i — > Co(Aoo) x o x 
is injective on Kq since Co(Aoo) x x can be written as an inductive limit 
(with Co(Aoo) X o X yU as C*-algebra in each step) where the structure maps 
leave the image of Co(Aoo) x fi fixed on Kq. Thus, we have to prove the following 

Lemma 6.3. (i% is injective on Kq. 

Proof. The main ingredient is Theorem Al of [Nat] . which is some sort of 
Mayer- Vietoris sequence relating the K-theory of crossed products by a free 
product of two groups with the K-theory of the single crossed products. We 
apply this result to the group ox^u = Z"xZ/2Z. Namely, the identification Z x 
Z/2Z = Z/2Z * Z/2Z; z i— >■ t2ti,t ti {z, t, ti, t2 are the canonical generators) 
is compatible with the action on Z"~^ and on Co(Aoo). Thus, Theorem Al of 
[Nat] yields the following sequence which is exact in the middle: 



(19) Ko(Co(Aoo) X Z'^) 

Ko(Co(Aoo) X Z'^ x^_^ Z/2Z) ©Ko(Co(Aoo) x >^s.^^^j_, Z/2Z) 
^I±f* Ko(Co(Aoo) X Z^+i x._^ Z/2Z) 




where k, k', e and e' are the canonical maps and < A; < n — 1. 
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Now, consider the translation-invariant isomorphism 

Co(Aoo) — ^ ^^o(Aoo); / ^ /(U - icUfc+i). 
It yields an isomorphism 

Co(Aoo) >^ Z^^ ^ Co(Aoo) yiZ'^-J-u^^ /(U - icu,.+i) ■ u\ 

We have 

7/.o/^„i(/.M») = /(-U+i^,+i)-n-'^ 
= o /3_i(/(U - ■ w") = o /3_i(V'(/ ■ u^). 

Thus, ip induces an isomorphism 

V : Co(Aoo) X x^_^ Z/2Z = Co(Aoo) >^ x^^^^^^., Z/2Z. 
Now, the crucial point is that the following diagram commutes: 
Co(Aoo) X Z'' Co(Aoo) X Z'^ x^_^ Z/2Z 

Co(Aoo) X Z'^ Co(Aoo) X Z' y^s.^^^j_, Z/2Z 

This fact, together with ip id on Co(Aoo) x Z'^, implies that 

(20) 'i/'^K^, = 

on K-theory. 

We would like to show that is injective. Assume that x G ker(£:^,). Then, 
(x, 0) G ker (e^, + e'^) = im (/t* — k'^) because of (HM . Thus, there exists y 
in _K'o(Co(Aoo) x Z^) with K^{y) = x and K,'^{y) = 0. But by (|2U]) . we have 
= = il'*'^*iy) = cind since ip is an isomorphism, this implies 

X = 0. Thus, for any < /c < — 1, e^, is injective. This proves our claim, 
since i' = e'^"'~^^ o ■ ■ ■ o e^^) if e^''^ denotes the fc-th map 

Co(Aoo) X Z^ X ^ Co(Aoo) X Z^+i X /i. 

□ 



6.4. The general result. It remains to put everything together. We distin- 
guish between three cases: 

a) #K} = 0: 

Choose an unramified prime p G Z>o and a Z-basis {p,Pi,P2, • • .} of F, where 
K"" = nxT. Let r„ = (p, . . . ,Pm)- 

We have seen Kj{Co{Aoo) x x (/i x Tq)) = Z^ for j = 0, 1 (#{t;R} = 
implies that n is even). Moreover, it follows from our results of Section [673] 
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and the Pimsner-Voiculescu sequence that : K^:{Co{Aoo) x (/i x Fq)) — > 
K^,{Co{hoo) X X (yU X Fq)) is injective. Now, let us prove inductively that 

i^,(Co(Aoo) X X F„)) ^ i^,(Co(Aoo) X X (/i X F^)) ^ Z^'"^' 

for j = 0, 1 and that : K=^(Co(Aoo) x (/ixF„)) — > K^{Co{koo) >i K >i {fixTm)) 
is injective. The case m = has already been proven above. 

If the claim is proven for m, the Pimsner-Voiculescu sequence, together with 
its naturality, will yield the result for m + 1 (analogously to the first case of 
Section [521 we have to use that Pb ~/i id equivariantly). 

Thus, we conclude K,{Ql) = K,{Co{k^) x K x K^) = Ko{C*{^)) Oz A* (r). 

Again, choose p G Z>o prime and unramified and a Z-basis {p, Pi, . . .} of F 
with = yU X F. As ^ {vr} is odd, we can arrange by multiplying with —1 
that # {wr: v^{j)i) < 0} is even for all i. As above, let F^ = (p, • • • ,Pm)- We 
can show for each m that 

K,{C,{k^) X (/X X F^)) = ir,(Co(Aoo) X X (/i X F„)) = Z^™ 

for j = 0, 1 and that : K*(Co(Aoo) x (/UxF^)) — ^ i^4Co(Aoo) X-^x (/UxF^)) 
is injective. 

All we have to show is that (/^p^+i)* = id on K^{Co{koo) x (/x x F^)). This 
follows from id on Co(Aoo) x/x and that /3p„^, A^-(p„+l)/|^;{p„+l)|),|^■ 

The second fact imphes that is of period 2, while the first one, together 

with the Pimsner-Voiculescu sequence, shows that (3p^j^^ can be described by 
an upper triangular matrix where all the diagonal elements are 1. These two 
facts imply our claim, namely (/3p^_^J^, = id on K^{Co{koo) x (/x x Tm))- 

Thus, ^ K,(Co(Aoo) X K X ffx) ^ A* (F). 

c) # {wr} > 2 even: 

Again, let = /i x F and choose a Z-basis {p,Pi,P2, • • •} of F, with p G Z>o. 
We can arrange that # {v^: f r(pi) < 0} is odd and # {f r: f|R(pj) < 0} is even 
for all i > 1. Let F^ = {p, ■ ■ ■ ,Pm) and F^ = {p,P2 ■ ■ ■ ,Pm)- As above, we can 
show that Kj{Co{koo) x K x (/x x F^)) ^ Z^" for j = 0, 1 {[K : Q] even by 
assumption). Additionally, we have 
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Lemma 6.4. 



pi 



\ 



for i = 0, 1 with respect to an appropriate Z-basis. 



Proof. /3p, A«;(pi)/|i-(pi)|).|oo and f3{v{p,)/\v{pi)\),^^ = Ai -i,i,i,...)®ic ° f^p' where 
# {v\R- Vr{p') < 0} is even. Thus, 0p>)^ = id on K^{Co{^oo) x x (/i x T'^)) 
and it remains to show the claim for /3(i,_i,i,i,...)0i^). We proceed inductively: 

To get started, consider the special case K = €l [V2\ . Then o = Z + ZV2. We 
would like to show = _i) on Kq{Co{Aoo) x fx). By our Theorem 14.11 

and the Pimsner-Voiculescu sequence applied to Co(Aoo) x (/x x (p)), it suffices 
to show that Ad (s^) induces ( ^ _i ) on Kj{C*{{u°'} , {e;,} , Sp)) (j = 0, 1). 

To determine Ad(s^), we compute (eo,o ® id)^^(</2^)*(''^)*. We have 



'2J* 



X 




) = 




X 






1 




1 



X 



V2 



Thus Ad (s^) induces —1 on the second copy of Z in Kq{C*{{u"'} , {ej,})). 
Here we used that ( fT4l) also holds for c? = v^- 



Now, take TZ^ = {0, 1}. Then, under similar identifications as in Lemma [5.21 



-{l+u-^s-i) 



and 
Thus, 



(eo,o ® id), ' o (v.^), o + - + m^s^i)]^) 

= [i(l + ^-i)]o-([l]o-[i(l + ^'^«-i)]„)- 

In the inductive limit, we get that Ad (s^) induces idz on the ffist copy of Z 
in Kq{C*{{u''} , {cb})) by the analogue of (Q. Thus, -i))* = ( ^ _i ) on 
i^o(Co(Aoo) X /i) = iro(Co(R') X /i) as 9 V2 ( V2, -^2) (1, -1) G A^^. 

But this already implies = ( ^ _]^) on _K'o(Co(Aoo) x jj,) for any 

number field with /i = {±1}:' Let B be the Bott element in KK^'{C, Co(R""^)). 
Then 1co(r2) ®5 is an invertible element of KK''{Co{R^),Co{R^) ^ Co{R'^-^)). 
By p<as] . Theorem 2.14. 8), 

X (lco(K2) ® B) X (J, = (5 ® lco(R2)) X (lco(R"-2) ® 
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where a is the flip Co{^^) ® Co(R""^) = C'olK' 

X ® B) 



n-2\ 



Co(R^). This imphes 



(5® 1 



X(l 



Co(IR"-2) 



1))*, 



= (lCo(R2) ® 5) X ® lco(Kn-2)). 

Thus, using 1c-o(r2) to identify A"o(Co(Aoo) x ^u) with = i^o(Co(IR^) x /i), 
-1,1,1,. is given by (""^ This proves our claim for m = 1. 

To go from m to m + 1, we apply the induction hypothesis together with the 
Pimsner-Voiculescu sequence to find a Z-basis for Kj{Co{Aoo) xfC xi (yuxr^_,_^)) 
for j = 0, 1 such that 



(A 



1,-1,1,1, 



/ 1 

-1 
1 

-1 


* 




1 




-1 









1 


v 


-1 



Now, the Pimsner-Voiculescu sequence implies that the torsion-free part of 
Kj{Co{Aoc) X X (/i X r„+i)) is Z^'"^'. Thus, using 0{i,-i,i,i,...)^ic)l = id, we 
deduce that Kj{Co{Aoo) x i^' x (/i x r'^_^^))/im (id - can only 

contain torsion of order 2. Therefore the Pimsner-Voiculescu sequence implies 

K,{Co{k^) X X (/i X r'^+i))/im(id- (/3(i,_i,i,i,...)^5ic)*) = © (Z/2Z)2'". 
But this result, together with the elementary divisor theorem, tells us that we 
can modify the first chosen Z-basis for Kj{Co{hoo) x i^' x (/x x T'^_^_i)) so that 
our claim holds. □ 



Hence, applying the Pimsner-Voiculescu sequence iteratively gives 

i^*(Co(Aoo) X X (/i X r„)) = A* (r:„) © (Z/2Z ®z A* (r:„)) 

and thus 

K,{^) = A* (F) © ((Z/2Z) ©z A* (r)). 

Remark 6.5. At this point, it also becomes clear that we cannot treat the 
general case (without the restriction /i = {±1}) for the following reasons: It 
is not clear how to prove analogous statements as Lemma 16.11 and Lemma 
16.31 in general. Once these two problems are solved, it should be possible to 
determine the K-theory without further assumptions on the number fields. 
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Remark 6.6. With a similar idea as in Theorem 14.11 we can treat the case of 
the full adele ring with the action of the ax + 6-group: Let K be any global 
field. As is a discrete subgroup of A, it acts freely and properly on A so that 

Co (A) X K ~A/ C{k/K) ^ C{K) = C*{K). 

C*{K) is the group C*-algebra of {K,+). Moreover, it turns out that this 
Morita equivalence can be chosen equivariantly (in the sense of [CMW] ) with 
respect to the multiplicative action of . Thus, by |CMW] . we get 

(21) Co(A) X = Co(A) X is: X fsT^ ~m C*{K x K"") = C*{Pk). 

This means that the crossed product is Morita equivalent to the C*-algebra of 
the ax + 6-group over K. We note that this group C*-algebra is also the ring 
C*-algebra associated with the field K. 

fl2T|) can be used to compute the K-theory. For example, in the case K = Q, 
we get 

K,{Co{A) X Q X QX) - Ko{C*{{±l})) ®z A* (Q>o)- 
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